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An alternative approach to scalar quantum electrodynamics has been proposed where
the usual gauge redundancy of the theory do not manifest. The gauge-dependence of
Coleman- Weinberg effective potential is resolved using gauge-free approach leading to
a unique scalar to vector mass ratio. The gauge-free result is compared with the one
obtained in Vilkovisky-DeWitts geometric framework and it is shown that it differs from
the standard result reported earlier. It is also shown that for reparametrization invariance
of the Coleman-Weinberg potential one must combine the Vilkovisky-DeWitts method
with the gauge-free approach.
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1. Introduction
In gauge theories, the off-shell Green’s functions in quantum field theory often offer
ambiguous results due to gauge dependence. Coleman-Weinberg1 effective potential
being one of those off-shell quantities, also suffers from this problem.2 Moreover,
there exists an additional ambiguity which spoils the uniqueness of effective poten-
tial (or effective action) due to field reparametrizations. Both of these issues can
be handled with the help of Vilkovisky-DeWitt’s (VD) geometric method to obtain
a unique effective action.3,4 On the other hand, rewriting charged matter fields in
polar coordinates enables a reformulation of gauge theories in which the dynamical
variables are manifestly inert under gauge transformations. This gauge-free method
essentially eschews the redundant degrees of freedom from the outset of a theory
and would give a physical result.5 However, to obtain a reparametrization invari-
ant effective potential using gauge-free approach one also requires to employ VD
technique.
In this article we give a brief outline of gauge-free framework and state the result
of one-loop effective potential for gauge-free scalar QED in VD approach.
2. Gauge-free prescription
In standard model, to describe any theory of charged fields we have to introduce
gauge fields. All charged matter fields can be decomposed into a radial and a phase
part Φ = φ exp iθ. The radial part remains inert under the gauge transformation
but the phase part gets transformed under it(φω → φ and θω → θ + ω). We know
that gauge transformation acts only on the unphysical degrees of freedom. We can
decompose an abelian gauge field Aµ into a transverse(physical) and a longitudi-
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nal(unphysical) part. This decomposition can be easily demonstrated by a covariant
projector in case of an abelian gauge field, APµ = PµνA
ν = (ηµν − ∂µ
−1∂ν)A
ν .
The physical gauge potential being transverse, satisfies ∂ ·AP = 0. The longitudinal
part of gauge potential can be represented as ALµ (x) = ∂µ
∫
d4x
′
G(x, x
′
)∂
′
A(x
′
) =
∂µa(x). It is clear that only the longitudinal part of gauge potential gets changed
by an abelian gauge transformation like A→ A + ∂e−1ω(x). Now in scalar QED
we have the phase field θ, which appears in the action only through its first order
derivative ∂θ : S[Φ] = S[φ, ∂θ]. The gauge-free prescription for coupling the gauge-
free vector potential AP to Φ is exceedingly simple : leaving φ as it is in the action,
simply replace ∂θ → ∂θ − eAP , so that S[Φ] → S[φ, ∂θ − eAP ] + Sfree[AP ]. The
gauge-free action for scalar QED in (ρ,Θ) basis becomes
S[ρ,Θ,AP ] =
∫
d4x
[
1
2
(∂ρ)2 +
1
2
e2ρ2(AP − e
−1∂Θ)2 −
1
2
(∂AP)
2
−
λ
4!
ρ4
]
, (1)
with Θ = θ − eAL is a gauge inert physical field because gauge transformations of
θ and AL cancel each other.
3. Gauge-free VD Effective Potential for scalar QED
The (VD) geometric effective potential in one-loop approximation is given by3,4
V
(1)
V D[Φ] = S(Φ) +
~
i
lnµ[φ] +
~
2i
T r ln[∇m∇nS(Φ)] +O(~
2) (2)
Where the configuration space is promoted to a manifold (for details see3). The
one-loop effective potential computed from (1) in gauge-free VD framework is:
V
gfV D
eff (ρc) =
λ
4!
ρ4c +
1
64pi2
(
3e4 +
5λ2
18
)
~ρ4c
[
log
ρ2c
M2
−
25
6
]
. (3)
Where ρc is the spacetime independent saddle point of the ρ field and M is the
renormalization scale. This result6 differs from the earlier one reported by Kunstat-
ter.7
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